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Comparison of Two Waveguide Methods
for Educing Liner Impedance in Grazing Flow

M. G. Jones,∗ W. R. Watson,† M. B. Tracy,‡ and T. L. Parrott§

NASA Langley Research Center, Hampton, Virginia 23681-2199

Acoustic measurements taken with several liners in a flow impedance tube are used to assess two wave-
guide methods, the single mode method (SMM) and the finite element method (FEM), for impedance educ-
tion in the presence of uniform grazing flow. Both methods use complex acoustic pressure data acquired over
the liner length to educe the liner impedance. The SMM is based on the assumption that the sound pressure
level and phase decay rates of a single progressive mode can be extracted from the measured complex acous-
tic pressures. No a priori assumptions are made in the FEM regarding the measured data. For no-flow con-
ditions, the accuracy of each method is demonstrated by the excellent agreement between no-flow impedances
educed in a grazing incidence tube and those acquired in a normal incidence tube. For grazing flow condi-
tions (Mach numbers up to 0.5), the relative accuracy of the two waveguide methods is demonstrated by com-
paring the impedances educed with the FEM to the corresponding results for the SMM. Significant discrep-
ancies occur for both methods for tests conducted at 0.5 kHz. Possible explanations for these discrepancies
are explored with, as yet, no clear answer. Above 0.5 kHz, the results indicate the SMM can be used when
the acoustic pressure profile is dominated by a single progressive mode, whereas the FEM can be used for all
cases.

Nomenclature
c, ρ = sound speed and ambient density in duct
d, req = equivalent depth and radius of liner channel
ds, ls = depth and length of ceramic tubular

liner segment
f, ω, t = frequency, angular frequency (= 2π f ) and time
H, L = height and length of duct
i = unit imaginary number (= √−1)
k, kx , ky = wavenumbers (free space, axial and transverse)
L1, L2 = location of leading and trailing edges of liner
M = Mach number, averaged over duct cross section
N = number of points used in statistical calculations
p, pref, ps = general, reference (= 20 µPa) and source-plane

acoustic pressures
Sj , S = individual segment and total surface areas
SPL, φ = sound pressure level and phase angle
x, y, z = axial, vertical, and transverse coordinates
x j = wall measurement location
β j , βu = individual segment and effective uniform

admittances
ζ, ζu, ζexit = dimensionless wall, effective uniform, and

exit-plane impedances (normalized by ρc)
θ, χ = dimensionless impedance components:

resistance and reactance ζ = θ + iχ
µ, σ = error mean and standard deviation
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Subscripts

FEM, SMM = result achieved using the finite element
and single mode methods

M = 0.1 = result achieved at M = 0.1 (similar for M = 0.3
and 0.5)

NIT = result measured in normal incidence tube

Introduction¶

T HE continual improvement of acoustic liner design, with spe-
cial emphasis on efficiency and bandwidth, is critical to com-

mercial aircraft noise emission control. To that end, it is becoming
increasingly important to achieve the optimum liner impedance for
each portion of the engine nacelle. To achieve this goal, measure-
ment and analysis methods must be further developed to educe more
accurately the normal incidence acoustic impedance of test liners in
the presence of grazing flow. This continued development is critical
to the improvement of existing impedance prediction tools, such
that the acoustic behavior of various liners can be predicted with
confidence without the need for costly duct liner tests.

Typically, either in situ1−3 or waveguide4−10 methods are used
to educe the acoustic impedance of test liners. Of the waveguide
methods, much effort has been placed on creating conditions where
simple modal approaches4−8 can be applied that typically do not re-
quire significant computational capability. One of the earlier exam-
ples of this was the “T-tube” method,4 in which a normal incidence
tube is mounted onto the side wall of a grazing incidence flow tube.
The sample material is placed at the intersection between the two
tubes, thereby exposing the material to grazing flow on one side
and normal incidence sound on the other. This allows the acoustic
properties of the material to be evaluated in a no-flow environment,
with the effects of grazing flow implicitly included. Although the
T-tube method does not directly provide the impedance of the com-
plete liner (the back wall is removed), it does provide a measure of
the change in impedance as a result of changing flow conditions.
Some of the primary issues with this approach are 1) the limited
portion of liner material that can be assessed in an individual mea-
surement, 2) radiation impedance uncertainty, and 3) the inability
to study liner resonance behavior as a result of backplate removal.

¶SI units of measure and the eiωt time convention are used throughout
this paper.

232



JONES ET AL. 233

A number of modal approaches5−8 have been conducted in grazing
flow impedance tubes, in which the combined effects of grazing flow
and acoustics are studied within the same tube. However, with the
advent of significantly increased computational and data acquisi-
tion capability, finite element approaches9,10 can now be efficiently
utilized. These approaches allow a more realistic study of the com-
bined flow and acoustics effects within a grazing flow tube, and they
can be used to educe acoustic liner impedance in multiple-mode and
highly reflective environments.

The in situ method requires intrusive measurements. For single-
layer liners, this method typically requires two microphones em-
bedded into a representative “patch” of the test liner (additional
microphones are required for multiple-layer liners). The transfer
function between the complex acoustic pressures measured by these
microphones is then used to educe the acoustic impedance. In prin-
ciple, this method is simple to implement and gives a local, detailed
account of the total fluctuating pressures at the measurement micro-
phone locations. In contrast to the modal approaches, this method
has the advantage that it does not require a description of the global
aeroacoustic field. It is, however, labor-intensive and invasive and is
thus subject to installation effects (local damage to the liner by mi-
crophone insertion and alteration of surface impedance as a result of
the flush-mounted microphone at the liner surface). If liner unifor-
mity is a concern, then this method must be applied at a sufficient
number of locations along the liner surface to resolve any poten-
tial nonuniformity. Regardless, because of its simplicity, the in situ
method remains quite useful,3 especially if detailed aeroacoustics
within the liner are desired.

If the effective uniform surface impedance of a test liner in the
presence of grazing flow is desired, then a waveguide method is the
only viable choice. Although the actual impedance can vary over
the length of the liner because of acoustic nonlinearity, the effective
uniform impedance assumption treats the entire liner as having a
constant impedance at each location on its surface. This effective
uniform impedance ζu is given by

ζu = 1

βu
, βu = 1

N

N∑

j = 1

Sj

S
β j (1)

The segment and total surface areas are Sj and S, respectively. Equa-
tion (1) treats the acoustic admittance weighted-averaging process
as a lumped-element process adapted from lumped-element parallel
electrical circuit theory. This weighted-averaging process assumes
that the phase of the sound field incident on the segment of liner
over which the averaging is to occur is constant. For frequencies
with trace wavelengths at least eight times the length of the liner
segment, this weighted averaging has been previously demonstrated
to be reasonable.11

Waveguide methods provide this effective uniform surface
impedance without the need for invasive measurements in the test
material. At a minimum, this methodology requires a detailed de-
scription of the aeroacoustic environment over a significant por-
tion of the test liner length. For some waveguide methods, such
as the finite element method discussed in the current study, the
measurement domain is extended beyond the liner to some dis-
tance into the hard-wall sections of the flow duct to achieve suit-
able boundary conditions. In general, significantly more data are
needed for waveguide methods than for in situ methods. Depend-
ing on the complexity of the chosen implementation, waveguide
methods can be used to analyze spatially uniform (β j = constant)
or nonuniform (β j �= constant) surface impedance, sometimes with
the same data-acquisition sequence. In addition, although the ability
to educe impedance for nonuniform liners exists, the spatial scale
of impedance nonuniformity that can be resolved is limited by the
spatial resolution of the data-acquisition system. (Data-acquisition
requirements increase as the resolution is refined to smaller scales.)
Development of an efficient impedance eduction methodology for
nonuniform liners is an ongoing research effort and is intended to
be the subject of future papers.

There are two purposes of this paper. The first is to assess the
accuracy of two waveguide methods for determining the normal in-

cidence acoustic impedance in a grazing incidence tube with no flow.
The second is to document progress toward quantifying impedance
eduction accuracy for test liners subjected to grazing flows over
the Mach-number range of 0.1 to 0.5. The aeroacoustic environ-
ment under consideration is assumed to 1) consist of forward and
backward-traveling acoustic waves, 2) contain multiple modes, and
3) be acceptably described as having a uniform flow profile. Both
methods require a measurement of the complex acoustic pressure
profile over the length of the test liner. The single mode method
(SMM) is based on the assumption that the sound pressure level
and phase decay rates of a single progressive mode can be extracted
from this measured acoustic pressure profile. No a priori assump-
tions regarding the modal content or the amount of modal scatter-
ing or reflections are made for the finite element method (FEM).
Thus, the FEM can be used to evaluate liners with spatially vary-
ing surface impedance.9 Because propagating modes are scattered
and reflected when impedance discontinuities are encountered, the
SMM is subject to inaccuracy as a result of intrinsic contamination
for liners with spatially varying surface impedance. For this rea-
son, only liners that can be described with a uniform impedance
are included in this study. The accuracy of each method (SMM and
FEM) is initially established by demonstrating good agreement be-
tween impedance values educed in the absence of flow and those
educed using normal incidence impedance tube data for two dis-
similar types of liners. The relative accuracy of the two methods
in the presence of up to Mach 0.5 flow is then assessed by com-
paring the impedances educed with the FEM to those educed with
the SMM.

The remainder of this paper is organized into six sections. The
first section contains a discussion of the test objective. The next two
sections provide descriptions of the test liners and test facilities used
in the current study. The fourth section provides a brief discussion of
the theory underlying the two acoustic waveguide methods. The fifth
section contains a discussion of the results obtained with the two
impedance methodologies using data acquired at NASA Langley
Research Center. Key findings are presented in the final section.

Test Objective
The objective of the current test was to acquire a set of data

that could be used to evaluate two acoustic waveguide methods, the
SMM and the FEM. Because of their similar input data requirements,
individual complex acoustic pressure profiles acquired in the NASA
Langley Research Center grazing incidence tube (GIT) were used
as input for both methods. This ensured that differences between
the results from the SMM and FEM were not caused by differences
in the measurement process.

For the no-flow case, the normal incidence impedance educed
with an acoustic waveguide method in a grazing incidence tube
should be identical to the impedance educed in the NASA Langley
Research Center normal incidence tube (NIT). Thus, prior to testing
in the grazing incidence tube, each liner configuration was first tested
in a normal incidence tube. The same liner configuration was then
installed into the GIT, and data were acquired at centerline Mach
numbers of 0.0, 0.1, 0.3, and 0.5. The M = 0.0 data were used to
compare each method (SMM and FEM) with the normal incidence
tube results, while the M ≥ 0.1 data were used to draw comparisons
between the SMM and FEM.

Previous tests have demonstrated that impedances educed in the
normal incidence tube are in excellent agreement with those pre-
dicted from first principles (no empiricism). Thus, because nor-
mal incidence impedances can be easily educed using the two-
microphone method11,12 in the NIT, this was chosen as the baseline
against which the SMM and FEM would be compared in the absence
of flow.

Unfortunately, there is no such baseline for the cases with flow.
For convenience, the SMM was chosen as a basis for comparison
(i.e., the FEM will be compared against the SMM). Clearly, there are
differences in the assumptions underlying the SMM and the FEM.
Thus, deviations from the SMM should not necessarily be construed
as indicative of errors in the FEM. Nevertheless, the selection of a
baseline for comparisons is expected to provide increasing value
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as additional methods (e.g., improved versions of the FEM) are
developed in the future.

Test Liners
Four locally reacting test liners, labeled CT1 (ceramic tubular

liner 1), CT2 (ceramic tubular liner 2), CT3 (ceramic tubular liner
3) and PF4 (perforate facesheet liner 4), were carefully chosen to
achieve the objectives of the current study. Each liner has an active
area (i.e., area exposed to sound in the GIT) of 51 × 408 mm. The
salient features of these test liners are described next.

CT1
The CT1 liner (Fig. 1) is the baseline liner for this test. It was fab-

ricated from a uniform-depth portion of ceramic tubular material,
which provides a high degree of spatial homogeneity and acous-
tic linearity, as well as a demonstrated insensitivity to mean flow
effects. Perhaps more importantly, the impedance spectrum mea-
sured with this liner mounted in the NIT matches the impedance
spectrum predicted from first principles.12 These important features
are a result of the small channel diameter (0.8 mm), high channel
length-to-diameter ratio (96), high surface porosity (65%), and uni-
form depth (77 mm). Details of the channel geometry are illustrated
in Fig. 1.

CT2
This liner (Fig. 2) is also fabricated with the same ceramic tubular

material. For this configuration, however, a stepped-depth variation
over a spatial cycle equal to 1

8 th of the total liner length (51 mm) was
used. The stepped-depth profile (sometimes titled the “staircase”
profile) was designed11 to maximize normal incidence absorption
by targeting nondimensional effective uniform resistance and re-
actance values of one and zero, respectively, for one spatial cycle.
For sufficiently large wavelength-to-spatial cycle ratios, this liner
of eight contiguous spatial cycles is presumed to provide a uniform
impedance. A sketch of test liner CT2, included in Fig. 2, provides
a description of the six steps that comprise one spatial cycle. The
axial lengths ls and depths ds of these steps are given in Table 1.

Fig. 1 Sketch of ceramic tubular liner (CT1).

Fig. 2 Sketch of ceramic tubular liner (CT2).

Table 1 CT2 parameters

Step number ls , mm ds , mm

1 11 31
2 12 40
3 5 50
4 6 59
5 4 69
6 13 77

Table 2 CT3 parameters

Step number(s) ls , mm ds , mm

1, 13 4 35
2, 12 4 38
3, 11 4 64
4, 10 4 48
5, 9 4 44
6, 8 4 74
7 3 68

Fig. 3 Sketch of ceramic tubular liner (CT3).

Fig. 4 Sketch of perforate liner (PF4).

CT3
This liner (Fig. 3) is similar to CT2, with the exception that the

stepped-depth profile is prescribed in accordance with a quadratic
residue sequence.13 An arrangement of contiguous resonant ele-
ments arranged according to this sequence is thought to minimize
specular reflection, thereby providing a high level of diffusivity in
concert halls. The axial lengths and depths of each 13-step spatial
cycle are given in Table 2.

PF4
This conventional, single-layer, perforate liner (Fig. 4) is similar

to those currently used for noise suppression in commercial aircraft
engines nacelles. It was fabricated from an 0.6-mm-thick aluminum
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facesheet with a porosity of 8.7%. This porosity is achieved by a
uniform distribution of 0.1-mm-diam holes; thus, the hole length-to-
diameter ratio is six. The facesheet is bonded to a hexcell honeycomb
with cell depth and equivalent circular diameters of 38 and 10 mm,
respectively.

Test Facilities
Two NASA Langley Research Center acoustic waveguides were

used extensively for the current study. The first was an NIT,
and the other was a GIT. A description of each waveguide and
its corresponding test procedure is provided in the following
discussion.

Normal Incidence Tube
Description

The NIT is used to determine the normal incidence acoustic
impedance of a test material by impinging plane waves onto the
surface of the material. This device is a 584-mm-long waveguide
with a 51 × 51 mm cross section. A schematic illustrating this ap-
paratus is shown in Fig. 5. Each test liner was taped such that only
a 51-mm-long liner segment was exposed. This liner segment was
then carefully clamped to the exit plane of the NIT to avoid sound
leakage.

A function generator provides a discrete frequency signal to six
120-W acoustic drivers coupled in parallel. These drivers generate
acoustic plane waves at this selected frequency (0.3 ≤ f ≤ 3.3 kHz),
with a sound pressure level (SPL) of up to 160 dB at the test liner
surface. Acoustic waves that impinge upon the surface of the test
liner are reflected to create a standing wave pattern that uniquely
characterizes the normal incidence acoustic impedance of the test
liner.

Three 6.35-mm-diam ( 1
4 -in.) condenser-type microphones are

used for data acquisition in the NIT. The first is a reference mi-
crophone, which is flush mounted in the top wall of the NIT, 6 mm
from the test liner surface. This microphone is used to determine the
total SPL at the surface of the test liner. The other two are installed
in a rotating plug mounted in the top wall of the NIT. This aluminum
plug is designed to allow the microphone positions to be switched
in a very convenient and precise manner. The microphones, flush
mounted 32 mm apart in the rotating plug, are used to determine
the normal incidence impedance of test liners using the switched
two-microphone method.14

Test Procedure
For the current study, the sound pressure level at the reference

microphone location was always set to 120 dB. This level was cho-
sen to minimize nonlinear propagation effects that occur at higher
amplitudes and to avoid signal-to-noise limitations associated with
lower amplitudes.

Data were acquired for each test liner at frequencies of 0.5, 1.0,
1.5, 2.0, 2.5, and 3.0 kHz. At each test condition, the signals from
the two rotating-plug microphones were fed to a fast Fourier trans-
form analyzer to determine the transfer function (magnitude and
phase) of the complex acoustic pressures between their two respec-
tive locations. The microphone locations were then switched, and a
second transfer function was acquired. By applying the switched
two-microphone method, the normal incidence impedance was
determined.

Grazing Incidence Tube
Description

The Langley GIT, as illustrated in the schematic provided in
Fig. 6, enables test liners to be subjected to a controlled aero-

Fig. 5 NASA Langley Research
Center NIT: 1, acoustic drivers;
2, waveguide; 3, test liner; 4,
rotating plug; 5, measurement
microphones; and 6, reference
microphone.

Fig. 6 NASA Langley Research Center GIT: 1, high-pressure air line;
2, traversing microphone; 3, acoustic drivers; 4, plenum with porous
core; 5, reference microphone; 6, test liner; 7, termination; and 8, to
vacuum pumps.

acoustic environment in a grazing incidence configuration. The 51-
mm-wide ×408 mm-long liner is centered lengthwise in the test
section, which includes the region from the source plane (x = 0 mm)
to the exit plane (x = 816 mm). The desired aeroacoustic environ-
ment in the test section is achieved with the combination of acoustic
drivers, a pressurized supply plenum, and a vacuum system. Four
120-W electromagnetic acoustic drivers, whose phase-matched out-
puts are combined, generate discrete tones from 0.5 to 3.0 kHz with
sound pressure levels of up to 155 dB at the liner leading edge.
The air supply plenum conditions the flow by means of a specially
designed porous-core plenum that allows flow to be combined with
the sound field such that sound transmission through the plenum is
maximized. Centerline Mach numbers in the test section can range
from 0.0 to 0.5. Mach numbers of 0.1 and above are controlled to
within ±0.005.

A 13-mm-wide slot is milled in the top wall to allow a
precision-fitted axial traverse bar to transport a 6.35-mm-diam
( 1

4 -in.), condenser-type, flush-mounted microphone over the length
of the test section. The traversing bar is mechanically driven by a
computer-controlled stepper motor to achieve microphone position-
ing precision to within ±0.03 mm. Another 6.35-mm-diam refer-
ence microphone is flush mounted in the side wall of the GIT, in
the same axial plane as the test liner leading edge. This arrange-
ment allows a complete axial mapping of the complex acoustic field
throughout the test liner region.

Test Procedure
For the current study, the sound pressure level at the reference

microphone location was always set to 130 dB. This ensured that
each waveguide measurement (SMM or FEM) was conducted un-
der equivalent source conditions. These tests were not conducted
at 120 dB, as was done with the NIT tests, because of background
flow noise concerns. However, 130 dB is still low enough to sup-
port linear propagation of the acoustic waves through the waveg-
uide, while also avoiding signal-to-noise limitations associated with
lower amplitudes. A signal extraction method15 was used to acquire
the acoustic pressure signals. This method “filters” the microphone
output such that the component that is coherent with the discrete
tone acoustic source is retained while the remainder of the signal
is removed. Usage of this method allows the extraction of qual-
ity data even when the signal-to-noise ratio is as poor as −20 dB
(SPL of tonal component 20 dB below the SPL of the broadband
flow noise measured in the frequency bins just below and above
the frequency bin containing the tone of interest). Data were ac-
quired for each test liner at frequencies of 0.5, 1.0, 1.5, 2.0, 2.5, and
3.0 kHz and at centerline Mach numbers of 0.0, 0.1, 0.3, and 0.5.
The data-acquisition program automatically positions the traversing
microphone at preselected locations x j from 203 mm upstream of
the leading edge to 51 mm downstream of the trailing edge of the
liner. At each measurement location, a transfer function is measured
between the traversing and reference microphones. This transfer
function is used to determine the sound pressure level SPL(x j ) and
phase φ(x j ) relative to the fixed microphone location. The complex
acoustic pressure at a given axial wall location is then determined
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from the equation

p(x j , H) = pref10SPL(x j )/20eiφ(x j ) (2)

The source-plane acoustic pressure and exit plane impedance are
typically functions of y (vertical dimension) and z (spanwise di-
mension) in these planes. Therefore, y- and z-direction transverse
probe microphones should be used to measure these data with the
test liner installed. However, the grazing incidence tube used in this
study was designed to be operated with source frequencies below the
cut-on frequency of higher-order modes, so that only plane waves
are supported in the hard-wall sections.

Higher-order modes in the y direction cannot be avoided in the
liner region. These higher-order modes, as well as reflections, are
generally present in the vicinity of the leading and trailing edges
of the specimen. However, because the test liner was installed on
only one side of the tube (at y = 0.0 mm) higher-order modes in
the other (z) direction should only be present at the locations of
impedance discontinuity. In addition, the source plane was located
203 mm upstream of the leading edge of the test specimen, and
the exit plane was located 203 mm downstream of the trailing edge
of the test specimen, each in a hard-wall section of the duct. Be-
cause these planes were located four duct diameters away from the
liner, higher-order mode effects and reflections from liner edges
were not expected to cause appreciable disturbances at either the
source or the exit plane. Therefore, the source pressure at each
point along the source plane was set to the value measured at the
upper-wall source location and the exit impedance at all points in
the exit plane were assumed equal. The exit impedance was ob-
tained using the switched two-microphone method14 with a rotat-
ing two-microphone plug installed in the duct side wall near the
exit plane. Because the exit impedance is a function of grazing
flow Mach number, this measurement was conducted at each test
condition.

Acoustic Waveguide Method Theory
Single Mode Method

The SMM uses an infinite waveguide model to educe the
impedance of the test liner from the measured complex acous-
tic wall pressure profile in the x direction for a single, unidirec-
tional propagating mode.5 As already stated, the maximum fre-
quency tested was 3.0 kHz, which is typically below the cut-on
frequency of higher-order hard-wall modes for the flow duct used in
this study.

For this method, that portion of the measured complex acoustic
pressure profile, which is over the liner (measured on the wall oppo-
site of the liner) but away from the liner leading and trailing edges,
is used. For the current study, this distance from the liner edges was
typically set at approximately 51 mm or one duct height. Thus, only
the measured upper-wall acoustic pressure profile, which was over
the central portion (306 mm ≤ x ≤ 410 mm) of the liner, was used
in the analysis. Figure 7 displays representative SPL and phase (φ)
data measured along the upper wall of the NASA Langley Grazing
Incidence Tube. Contamination of the SPL data near the leading
and trailing edges of the liner is clearly evident, which indicates
that reflections and/or high-order mode effects are contaminating
that portion of the data. The central portion of the data, however, is
characterized by a linear SPL and phase decay. This is an indication
that a single, progressive mode is dominant over this portion of the
liner. If no such linear portion of the data is evident, the SMM cannot
be used reliably.

Analytical details of the SMM are provided in detail elsewhere.5

For convenience, the elements necessary to use the method are re-
peated here. First, the axial wave number kx for the dominant pro-
gressive mode is computed from the measured portion of the data
that has a constant slope using

kx = dφ(x)

dx
+ i

20log10(e)

dSPL(x)

dx
(3)

In our selected time convention eiωt , the signs of dSPL(x)/dx and
dφ(x)/dx are negative for right moving acoustic waves. The dimen-

Fig. 7 Sample SPL and phase profiles.

Fig. 8 Geometry and coordinate system for FEM (not to scale).

sionless normal incidence acoustic impedance of the liner can then
be determined using

ζ = −i(k/ky)[1 − M(kx/k)]2 cot[(k H)(ky/k)] (4)

where

ky

k
= 1 − [

(1 − M2)(kx/k) + M
]2

(1 − M2)
(5)

Finite Element Method
Figure 8 depicts the applicable geometry and coordinate sys-

tem used to model the flow-duct test section for the FEM. This
method is described in detail elsewhere,10 and only sufficient de-
tail is presented here for completeness. The FEM used in this study
incorporates the assumptions that the flow profile is uniform and
only plane acoustic waves exist in the spanwise z direction. The
maximum frequency (3.0 kHz) is below the cut-on frequency for
higher-order modes in a hard-wall region for all but the highest
Mach number (M = 0.5) tested. In the lined section, the two side
walls are rigid; thus, the assumption of no higher-order modes in
the spanwise direction is reasonable for the frequency range of
interest.

The regions upstream (0 ≤ x ≤ L1) and downstream (L2 ≤ x ≤ L)
of the liner contain rigid walls. As described earlier, the complex
acoustic pressures are measured at a number of locations along the
upper wall (at x = 0, x1, x2, . . . xi ) using a microphone flush mounted
in the traversing bar.

The FEM finds the solution to the steady-state form of the con-
vected wave equation

(1 − M2)
∂2 p

∂x2
+ ∂2 p

∂y2
− 2ik M

∂p

∂x
+ k2 p = 0 (6)

The source-plane acoustic pressure boundary condition is

p(0, y) = ps(y) (7)

where ps(y) is the specified acoustic pressure profile in the trans-
verse y direction at the source plane. Because only plane waves
are assumed at this plane, ps(y) is set to the constant value mea-
sured with the axially traversing microphone positioned in the source
plane.

The exit-plane boundary condition is

∂p(L , y)

∂x
= −ikp(L , y)

M + ζexit
(8)
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which is derived from the requirement that the exit impedance
must equal the ratio of the acoustic pressure to the axial com-
ponent of acoustic particle velocity in that plane. Because only
plane acoustic waves are assumed at the exit plane, ζexit is taken
to be the constant value (for a given frequency and grazing
flow Mach number) determined using flush-mounted microphones
and plane wave analysis.14 The boundary condition at each rigid
wall is

∂p

∂y
= 0 (9)

which indicates that the normal component of acoustic particle
velocity vanishes at a rigid wall. Finally, the boundary condi-
tion for the lined region of the duct (L1 ≤ x ≤ L2 in Fig. 8) is
given by10

∂p(x, 0)

∂y
= ikp(x, 0)

ζ
+ 2M

∂

∂x

[
p(x, 0)

ζ

]
+ M2

ik

∂2

∂x2

[
p(x, 0)

ζ

]

(10)

It should perhaps be noted here that the FEM explicitly accounts
for exit impedance dependence on the frequency and Mach num-
ber, whereas the SMM does not. Instead, the SMM requires that
standing waves caused by reflections from the exit plane be suf-
ficiently low as to not impact the “linear decay” portion of the
SPL profile over the lined region. Clearly, engineering judgment
is required to determine whether an SPL profile is sufficiently
linear.

Equations (6–10) constitute a boundary-value problem that can be
solved to obtain the upper-wall pressure when the wall impedance
is known. The goal of this methodology is to employ the FEM
to determine the unknown liner impedance ζ from the measured
boundary data by means of an iterative process. The core calculation
is to use Eqs. (6–10) to obtain successive sets of upper-wall acoustic
pressures, until the computed pressures converge to the measured
values to within an acceptable error range. The resulting impedance
corresponding to this converged pressure distribution is taken to be
the liner impedance.

Results and Discussion
No-Flow Results (M = 0.0)

The initial waveguide method comparison was conducted us-
ing the uniform-depth CT1 and PF4 liners. These liners were first
tested with the NASA Langley Research Center normal incidence
impedance tube (NIT).14 Each liner was then mounted in the graz-
ing incidence tube and tested without flow. Figures 9 and 10 com-
pare the dimensionless liner impedance (ζ = θ + iχ ) obtained using
the three (NIT, SMM, and FEM) methodologies without flow. For
the CT1 liner, the SMM and FEM results (depicted with circles
and squares, respectively) are well matched to the corresponding
NIT results (denoted with + signs). The same comparison holds

Fig. 9 Ceramic tubular liner
(CT1): no flow.

Fig. 10 Perforate liner
(PF4): no flow.

for the PF4 liner, except at 0.5 kHz. Although the acoustic reac-
tances χ are still well matched at this frequency, the acoustic re-
sistances θ are significantly different. Possible explanations for this
occurrence at 0.5 kHz are provided later in this paper. Similar tests
with the CT2 and CT3 liner configurations (not included in this re-
port for the sake of brevity) provided further confirmation that the
SMM and FEM educe the correct impedance spectra in the absence
of flow.

Previous studies have demonstrated that the acoustic impedance
of a ceramic tubular liner, as predicted from first principles,11 is
virtually identical to the impedance educed from measurements in a
normal incidence tube. Thus, the impedances educed with the nor-
mal incidence impedance tube are taken to be the “baseline” against
which the accuracy of results from the two propagation methods
will be assessed in the absence of flow. To conduct this assess-
ment, the resistance and reactance error means for the SMM and
the FEM were computed using all four liner configurations. For
the SMM, the resistance and reactance error means were calculated
using

µθ,SMM = 1

N

N∑

j = 1

|θSMM − θNIT| j (11)

µχ,SMM = 1

N

N∑

j = 1

|χSMM − χNIT| j (12)

where the number of test conditions included in the calculation (N )
is 20 (four samples, five test frequencies per sample). Because the
SMM could not always be used for the 0.5-kHz impedance data
(no linear axial SPL and phase decays evident), only the results
for the five frequencies at or above 1.0 kHz are included in these
calculations. Similar calculations were performed using the FEM
results. For consistency with the SMM results, only the results for
frequencies at or above 1.0 kHz were included in these calculations.
The results of these error mean calculations are provided here:

µθ,SMM = 0.09, µχ,SMM = 0.08

µθ,FEM = 0.12, µχ,FEM = 0.20 (13)

The resistance and reactance error standard deviations for the
SMM were calculated from the corresponding variances using

σ 2
θ,SMM = 1

N − 1

N∑

j = 1

(|θSMM − θNIT| − µθ,SMM)2
j (14)

σ 2
χ,SMM = 1

N − 1

N∑

j = 1

(|χSMM − χNIT| − µχ,SMM)2
j (15)
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The results of these, and the corresponding FEM results, which were
calculated in the same manner, are provided here:

σθ,SMM = 0.11, σχ,SMM = 0.07

σθ,FEM = 0.14, σχ,FEM = 0.15 (16)

These results provide an indication of the dispersion of the resis-
tance and reactance errors about the respective error means. They
are approximately the same for each of the methods for the resis-
tance component, although they are not as well matched for the
reactance component.

Clearly, values of zero for the error means and standard devia-
tions would indicate an ideal match of waveguide method results
to those achieved in the NIT. The deviation from zero for each of
these calculations therefore suggests a need for further waveguide
method improvements. However, a key difference between the NIT
and GIT acoustic conditions can be at least partially to blame for
the less-than-perfect comparisons. In the NIT, the sound simultane-
ously impinges on the entire sample surface with a constant SPL.
Conversely, as the sound passes over the length of the liner in the
GIT the SPL is typically reduced. Thus, the downstream portions of
the liner are not exposed to the same SPLs as the upstream portions.
In light of this basic difference between the methodologies, the mag-
nitudes of the error means and standard deviations are considered,
for now, to be acceptable.

Flow Results (M ≥≥ 0.1)
Next, all four liners (three ceramic and one perforate) were tested

in the grazing incidence tube at centerline Mach numbers of 0.1, 0.3,
and 0.5. The results are provided in Figs. 11–14. As expected, the
acoustic resistance sensitivity to flow velocity is less for the ceramic

Fig. 11 Ceramic tubular
liner (CT1) with flow.

Fig. 12 Ceramic tubular
liner (CT2) with flow.

Fig. 13 Ceramic tubular
liner (CT3) with flow.

Fig. 14 Perforate liner
(PF4) with flow.

liners than for the perforate, except at 0.5 kHz. Also, the acoustic
resistance is sensitive to flow velocity for the uniform-depth ceramic
liner near the antiresonance (2.2 kHz). There were some conditions
where the SMM was not applicable because a region of linear decay
of SPL and phase could not be extracted from the data. However,
when a region of linear decay of SPL and phase could be extracted
from the data, SMM and FEM results are typically well matched.

Figures 11–13 contain educed impedances for the three ceramic
tubular liner configurations. The CT1 (uniform depth) impedance
spectrum is typical of a “quarter-wavelength” liner, with a reso-
nance near 1 kHz and an antiresonance near 2 kHz. As expected, the
impedance spectra for the CT2 and CT3 liners are relatively constant
vs frequency. For all three ceramic tubular liners, the SMM could
not be used at 0.5 kHz because linear amplitude and phase decay
rates could not be fit to the measured upper-wall acoustic pressure
profiles. The FEM also was unstable at 0.5 kHz for these liners, as
demonstrated by the significant variability vs flow Mach number. In
addition, the resistances for all three ceramic liners are observed to
be much less sensitive to flow Mach number (0.5 kHz excluded) than
is observed for the perforate liner. In general, the ceramic tubular
liners are useful for the evaluation of waveguide methods because
the results acquired with a normal incidence impedance tube can be
directly compared with those acquired with a flow impedance tube.

Finally, the impedance spectrum for the perforate liner (PF4) is
provided in Fig. 14. The acoustic resistance increases uniformly
with increasing flow Mach number, while the acoustic reactance is
relatively insensitive to changes in flow Mach number. Because of
the clear Mach-number dependence of the PF4 acoustic resistance,
the ability of the two methods (SMM and FEM) to track one another
is especially clear. At frequencies of 1.5 kHz and higher, the acoustic
reactance is almost completely a function of the cavity depth and is
virtually independent of flow velocity.
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There is no “baseline” against which the two acoustic waveguide
methods can be compared in the presence of flow. Therefore, one
technique for assessing improvements in impedance eduction accu-
racy is to compare results to determine if the same “answer” can be
achieved using each of the two methods. For this purpose, the re-
sistance and reactance error means for the Mach 0.1 data (µθ,M = 0.1

and µχ,M = 0.1) were calculated using

µθ,M = 0.1 = 1

N

N∑

j = 1

|θFEM − θSMM| j (17)

µχ,M = 0.1 = 1

N

N∑

j = 1

|χFEM − χSMM| j (18)

The results for each Mach number included in the current study are
provided here:

µθ,M = 0.1 = 0.08, µχ,M = 0.1 = 0.10

µθ,M = 0.3 = 0.07, µχ,M = 0.3 = 0.15

µθ,M = 0.5 = 0.18, µχ,M = 0.5 = 0.41 (19)

Similarly, the resistance and reactance standard deviations for
the Mach 0.1 data (σθ,M = 0.1 and σχ,M = 0.1) were calculated from the
corresponding variances using

σ 2
θ,M = 0.1 = 1

N − 1

N∑

j = 1

(|θFEM − θSMM| − µθ,M = 0.1)
2
j (20)

σ 2
χ,M = 0.1 = 1

N − 1

N∑

j = 1

(|χFEM − χSMM| − µχ,M = 0.1)
2
j (21)

The results for each Mach number included in the current study are
provided here:

σθ,M = 0.1 = 0.08, σχ,M = 0.1 = 0.09

σθ,M = 0.3 = 0.04, σχ,M = 0.3 = 0.13

σθ,M = 0.5 = 0.16, σχ,M = 0.5 = 0.25 (22)

These calculations could only be conducted for test conditions for
which both the SMM and the FEM could be exercised. Thus, the
number of test points N available for use in each of the preceding
calculations varied with Mach number. The values for N were 19,
17, and 13 for the Mach 0.1, 0.3, and 0.5 conditions, respectively.

These error values provide an indication of how well the FEM
matches the SMM. However, there is no a priori method to determine
which of these is actually closer to the “true” impedance of the test
liner. Regardless, as additional methods are evaluated in the same
manner, their respective comparisons can be used to demonstrate
improvements in impedance eduction methodology.

Data-Processing Issues
It is also important to note the level of complexity involved in

the SMM and the FEM. Although the two methods were compared
in this study using the same measured data to ensure the quality
of the comparison, the SMM does not require the full data set.
Specifically, no data outside the lined region are directly used in the
SMM analysis procedure. (It was, however, used by the operator
to enhance confidence in the data.) Thus, approximately 30% of
the data acquired in this study was not needed for the SMM. In
addition, the SMM requires significantly less computational time
than the FEM.

For the current study, the SMM was exercised using a desktop
computer in an interactive manner, in which the operator processed
the data for one test condition (one frequency and one Mach num-
ber) at a time. This process took approximately 10 s per test con-
dition, of which less than 1 s was used in the actual computation

and the remainder was used to visually judge the quality of the data
fit. By comparison, the FEM was exercised using a state-of-the-
art workstation. This process, which was not interactive, required
approximately 60 s of computational time per test condition.

If a large number of conditions are to be analyzed (six frequen-
cies at four Mach numbers gives 24 conditions for the current study,
for each liner), the reduced analysis (and data acquisition) time for
the SMM can become significant. Thus, when the acoustic pres-
sure magnitude and phase slopes are constant across the length of
the liner, the SMM is a good choice. However, for those condi-
tions where the slopes are not constant, the FEM provides a viable
alternative.

Discussion of 0.5-kHz Discrepancies
Finally, further studies are planned to better understand why the

ceramic tubular liner impedance varies significantly with flow Mach
number at 0.5 kHz. Six possible explanations for the discrepancy
in the educed impedance (as a function of the flow Mach number)
have been suggested to the authors. Each of these explanations is
described here (in increasing order of perceived importance), to-
gether with a discussion of their relative merits as related to the
tests conducted in the current investigation.

1) Flow noise causes a poor signal-to-noise ratio at 0.5 kHz.
As indicated in an earlier section, a signal extraction method was
used to measure the discrete tone data. For a 1.0-kHz source and
the CT1 liner, the SPL of the extracted tone at the trailing edge is
much lower than the corresponding trailing edge SPL for 0.5 kHz
(i.e., poorer signal-to-noise ratio for 1.0 kHz than for 0.5 kHz). Yet,
the 1.0-kHz data do not encounter the same difficulties as observed
at 0.5 kHz. Thus, the problems at 0.5 kHz are not believed to be a
result of flow-noise issues.

2) Structural vibrations of the GIT are distorting the 0.5-kHz data.
To evaluate this concern, four accelerometers were mounted on the
GIT, and the acceleration of the walls was measured for each fre-
quency (0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 kHz) at the maximum flow
Mach number (M = 0.5). Two of the accelerometers were mounted
on the side wall of the tube, and two were mounted on the travers-
ing bar. The two pairs of accelerometers (one pair on the side wall,
one pair on traversing bar) were mounted approximately 100 mm
upstream and 100 mm downstream of the axial center of the lined
section. The maximum acceleration measured with any of the ac-
celerometers was 155 µg. This acceleration was measured with an
acoustic signal of 135 dB (maximum achievable at this frequency)
at 3.0 kHz. The largest acceleration at 0.5 kHz, measured with a
sound level of 145 dB, was 10 µg. The impedance eduction process
was robust at 3.0 kHz, for which the structural vibration is an order
of magnitude greater than is the case for 0.5 kHz. Thus, structural
vibrations are not believed to be the cause of the difficulty at 0.5 kHz.

3) The impedance is sensitive to shear-flow effects for highly
reflective waves in high-speed flows.16 The exit-plane reflection
factors at 0.5 kHz are 0.04, 0.04, 0.18, and 0.33 at flow Mach num-
bers of 0.0, 0.1, 0.3, and 0.5, respectively. The corresponding reflec-
tion factors at 1.0 kHz, where no discrepancies have been observed,
are 0.03, 0.03, 0.07 and 0.35. Clearly, these reflection factors are
not significantly different; thus, this hypothesis does not appear to
be valid for the impedance tube used in this investigation.

4) The wavelength is too large relative to the length of the liner.
The ratio of the acoustic wavelength to liner length is 1.69 for
0.5 kHz. For 1.0 kHz and above, this ratio is 0.84 or less. Thus,
because 0.5 kHz is the only test frequency for which this ratio is
greater than unity, this hypothesis would appear to have merit. How-
ever, the authors have conducted tests with segmented liners9 that
demonstrated the ability of the FEM to educe the impedance of the
individual segments correctly. These segments were significantly
shorter than the length of the liners included in the current study.
If the wavelength-to-liner-length (or in this case, segment length)
ratio is critical, the results at higher frequencies would have been
expected to have discrepancies. Because this was not the case, this
hypothesis also does not appear to be correct. Regardless, future
tests will be conducted to confirm this conclusion with uniform
impedance liners of variable lengths.
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5) Higher-order modes are disturbing the reference microphone
response. All of the data used in the SMM and FEM are acquired
by taking transfer functions between the traversing and reference
microphones. Underlying this data acquisition approach is the as-
sumption that the signal at the reference microphone is constant for
the duration of the test (at an individual frequency and Mach num-
ber). If this assumption is violated, the results become unreliable.
As described in the Test Facilities section, the reference microphone
in the side wall of the GIT is located in the same axial plane as
the leading edge of the liner. Because higher-order modes are ex-
pected to be generated at this impedance discontinuity, the readings
at this microphone might be contaminated with these higher-order
mode effects. This issue was not initially considered to be of con-
cern because both waveguide methods (SMM and FEM) use the
data acquired using the same reference and traversing microphones.
However, recall that the SMM only uses that portion of the data
that is over the central portion of the liner, whereas the FEM uses
additional data extending beyond the leading and trailing edges of
the liner into the hard-wall regions. The data over the liner section,
which are used in the SMM, are often erratic at 0.5 kHz. This is
evidenced by the fact that the SMM could not be exercised at this
frequency, indicating that no clear linear acoustic pressure profile
could be extracted from the data. Thus, this hypothesis appears to
have some merit. As a result of this study, future tests will be con-
ducted with a reference microphone that is in the hard-wall region,
away from the impedance discontinuity.

6) This frequency is near an antiresonance. As has been stated
earlier, there is always increased difficulty with measurements in
the frequency range surrounding antiresonance. For typical locally
reacting single-layer liners used in aircraft applications (e.g., the per-
forated liner used in this study), the acoustic reactance is dominated
by cot(kd). At frequencies near antiresonance, the acoustic reac-
tance approaches ±∞. At these frequencies, the acoustic resistance
also tends to increase significantly. Clearly, this same condition ap-
plies as kd approaches zero (i.e., as the frequency approaches zero),
as demonstrated in Fig. 10. By comparison, the impedance spectra
for the CT2 (staircase geometry) and the CT3 (quadratic-residue
geometry) are relatively frequency independent. These configura-
tions were designed to try to achieve dimensionless acoustic resis-
tances and reactances of one and zero, respectively, over the entire
frequency range of interest. Clearly, the impedance spectra demon-
strate that the design procedures were successful. The difficulty at
0.5 kHz does not appear to be caused by an antiresonance behavior,
because these liners were designed such that the acoustic reactance
near zero frequency should not become large in magnitude. How-
ever, as seen in Figs. 12 and 13, the difficulty at 0.5 kHz persists.
Further tests to study this hypothesis are planned in the near future.
In addition, future tests will include measurements at frequencies
just above and below 0.5 kHz.

In summary, none of these six hypotheses adequately explain
the difficulty encountered when the SMM and FEM approaches
are used for impedance eduction in the current grazing incidence
tube. However, further tests are planned in the near future to more
thoroughly explore the last three hypotheses just described.

Conclusions
Based on the results of this work, the following specific conclu-

sions are drawn:
1) In the absence of flow, both waveguide methods included in

this study educe impedance spectra that are almost identical with
those acquired with a normal incidence impedance tube. Thus, their
accuracy for no-flow conditions is high.

2) In the presence of grazing flow, the relative accuracy of
impedance eduction is evaluated by comparing the respective re-

sults educed with the SMM and the FEM. Whereas the resistance
and reactance error means and standard deviations clearly increase
with increasing Mach number, their reasonably small values pro-
vide confidence that the accuracy of the two waveguide methods is
acceptable up to M = 0.5.

3) As was expected from their design features, the impedance
spectra of the variable-depth (staircase and quadratic-residue) ce-
ramic tubular liners are relatively independent of frequency and
flow velocity effects. The uniform-depth ceramic tubular liner is fre-
quency dependent, but is independent of flow velocity effects. This
insensitivity to flow velocity makes these liners useful for evaluation
of acoustic waveguide methods.

4) When the SMM can be exercised (i.e., linear SPL and phase de-
cay rates can be determined), it provides nearly identical impedances
to those educed with the FEM.

5) Because of its relative simplicity and efficiency, the SMM
should be used when the propagation data are clearly dominated by
a single mode. The FEM is preferred for all other cases.
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